Introduction
Silicon is considered as one of the materials suitable for nano-photonic devices due to on-chip integration and low cost production. Passive silicon devices such as submicron silicon-oninsulator (SOI) waveguides, bends, splitters, and filters have been developed as well as integrated silicon optical modulators which use two-photon absorption (TPA) or the thermooptic effect [1] .
A photonic crystal (PC), in analogy to a semiconductor crystal, is a promising platform to build future photonic integrated devices with dimensions on the order of the operating wavelength [2] . PC has unique capability to modify photon interaction with host materials. By introducing crystal defects, one can create photonic defect states inside the bandgap that allows the design of lossless resonators. These so called PC micro-cavities, that are similar to microtoroid or microsphere silica cavities [3, 4] , can also be used for the implementation of stimulated Raman scattering (SRS) as proposed in Ref [5] . The lasing threshold of a Raman laser is proportional to the inverse of the quality factors of the pump and the lasing modes. This implies that PC micro-cavity resonators with high quality factors offer strong enhancement for the optical fields with wavelength at and near the localized defect mode, resulting in the potential for the design of ultra low threshold Raman lasers.
Recently, the design of photonic band gap nanocavities for stimulated Raman amplification in monolithic silicon has been proposed; however, quality factors for both the Stokes and the pump are not so high (maximum at 42445 and 1550 respectively), due to the edge effect for pump mode [5] . On the other hand, ultra-high Q silica microspheres and microtoroids that produce Raman laser have significantly reduced the threshold power of pump for SRS; however, the modal volume is still too large (200-2000 μm 3 ) which limits the application toward integration. Now, experimental realization of high quality micro-cavities [6, 7] has been reported, however, the question of how to use ultra-high quality micro-cavities to produce and collect Raman signals (Stokes and anti-Stokes) is still unanswered. This paper analyzes rod-type PC Raman laser on a chip, with ultra-low threshold power of pump for both the Stokes and anti-Stokes lasing. We introduce a new structure for the implementation of SRS on silicon, the so called coupled PC micro-cavities. The structure consists of five micro-cavities based on two dimensional rod-type PC made of monolithic silicon. The coupled resonators have high quality factors and allow lasing at significantly decreased thresholds compared to that in Refs. [3] [4] [5] .
In Sec. 2 of the paper, we give the theoretical basis for designing the coupled cavities for Raman lasing. Basic structures, simulation method and main operating parameters are introduced in Sec. 3. We present two designs in Sec. 4 for the system that only emits Stokes radiation while in Sec. 5, two more designs are shown for both Stokes and anti-Stokes radiations.
Design concept
The origin of SRS is inelastic scattering of light by optical phonons. Krause et al. [8] and Perlin et al. [9] provide a good description of the dynamics in SRS through a set of timedependent coupled nonlinear equations. The coupled mode theory for SRS in defect cavity lasers provides the conditions necessary for efficient Raman conversion [10] that take into account most of the material parameters and cavity losses.
Our aim is Raman lasing; we wish to achieve the highest possible output and lowest possible threshold power of pump. High quality factor Q and small modal volume V m , in optical micro-cavities offer the possibility to decrease the lasing threshold in the cavity by several orders of magnitude, as can be seen from the following equation 
where P th is the threshold power of the resonant pump to trigger lasing,  is the modal overlap, Q S,p the cavity quality factors, n S,p the refractive indices of silicon at the Stokes and pump wavelength S  and p  respectively. The Raman gain coefficients , pS g at the pump and Stokes frequencies are related as
, with a range of ~20 -76cm/GW for silicon at the C-band [8] . Note that Eq. (1) neglects all other possible absorption processes, especially for free carrier absorption due to preliminary TPA, this assumption could possibly be too optimistic. The same process can also be applicable for anti-Stokes cavity-enhancement [5] , where anti-Stokes generation typically has appreciably lower scattering intensity leading to In our simulation, we have used Rsoft's component design suite: Fullwave [12] . The electric field for excitation of pump or Stokes could be defined as: 
where a 1 = w/2, b 1 = h/2, and w, h are the width and height of the source. Note that w and h are the distance between the points when the Gaussian function attenuates to (1/e) of the maximum.
The temporal component is defined as:
We have used Eqs. (2)-(5) in simulating the electric field profiles of the coupled cavities.
Basic structure, simulation method and main operating parameters
In order to enhance Raman lasing or to decrease the threshold power of pump for Raman lasing, we apply resonance enhancement of optical field in PC defect cavities in designing the Raman laser system. Further from Eq.
(1), we can see that high quality factors of both the pump and Stokes wave cavities are required to obtain low threshold power of pump for Raman lasing. With these in mind, we configure the structures as shown in Fig. 1 . In the system shown in Fig. 1 , there are five coupled cavities: the waveguide cavity marked with purple, and the vertical cavities VC-1 and VC-2 marked with yellow and green, respectively. These cavities are coupled together by the dot-cavity at the center of the structure through optical tunneling. The resonance wavelength of the dot-cavity is adjusted by tuning R 3 (R 1 , R 2 , and R 3 represent the radii of rods 1, 2, 3 respectively). In Fig. 1 , l 1 and l 2 are the lengths of the waveguide in vertical cavities VC-1 and VC-2 respectively. Port A and B are for pump, Port C and D are for outputs.
We need to design coupled micro-cavities, which possess high quality factors for the pump laser mode f p , and the Stokes mode f S , as well as for the anti-Stokes mode f aS . In the case of silicon, these two modes need to satisfy the condition [5,11]:
For numerical experiments, we solve the full 2D nonlinear Maxwell's equations by FDTD method, with perfectly matched layer boundary conditions. The Courant stable condition is satisfied since the mesh sizes in both the x and z directions are set to be a /16, with the time step fixed at 8.33  10 2 fs. In the following simulations, we consider a PC of square lattice consisting of circular rods with a lattice period of a = 575nm and radius 0.2a (except for rods 1, 2, 3 in Fig. 1) ; the refractive index of the circular rods is n = 3.4, and the refractive index of the background air is n b = 1. Furthermore, only TE-mode operation is considered. In TE-mode operation, the electric vector of the wave is perpendicular to the propagation route of waves in the waveguide and parallel to the axis of poles in the PCs.
In the case of a defect-free uniform PC under the above operating parameters, a standard plane-wave expansion method yields a large bandgap: the light with wavelengths between 2.381a and 3.509a cannot pass through the uniform PCs and thus is completely reflected at the PCs boundary [13] . Since the pump and Raman scattering waves should be confined to propagate in the waveguide, the wavelengths of the pump and Raman scattering waves should be chosen to be within the bandgap of the PCs. Finally, the difficulty in fabrication should also be taken into consideration in choosing either the air-hole type or the dielectric-rod type [14] [15] [16] [17] [18] [19] [20] , even though their transmission efficiencies and out-of-plane radiation losses are comparable [20] . Air-hole type PC is easier to fabricate than the latter by using standard pattern generation methods and such a waveguide operates usually in multimode [14] . A bottom up fabrication method is preferred to make rodtype PCs [15] that can be easily operated in single mode. With careful control of the surface roughness and fabrication steps, our design of dielectric-rod type PC with high quality is achievable in practice.
The structure emitting Stokes only
We now consider the system shown in Fig. 1 that only emits Stokes. For this purpose, the two vertical cavities should have the same resonant wavelength and be equal to the Stokes wavelength. So, we set R 1 = R 2 . For being concise, we just consider the structure for emitting Stokes waves. Generally we need to take l 1 = l 2 = ma, where m = 3, 4, 5, etc, because the lattice period eff na is set to be about a half of the wavelength of the pump wave and the wavelength difference between the Stokes and pump waves is small. Here eff n is the effective refractive index of the photonic crystal.
As a first example of design (Design I), we take m = 3. Then we find that, for R 3 = 0.51a, by pumping light with the wavelength of 1549.2nm from Port A and B, we can get Stokes from Port C and D simultaneously. This is observed by setting a Gaussian impulse at the center of the structure as shown in Fig. 2(a) , displaying the pump and Stokes modes by setting a Gaussian impulse at the center of the structure shown in Fig. 1 . It is interesting to find that C 0000 0000 0000 0000 0000 0000 0000 0000
for the pump, there are two modes rather than one single mode. The explanation is that strong coupling happens in the directly connected sub cavities (dot cavity and waveguide cavities), similar to what was shown in Ref. [21] . Besides, there are two modes in the vertical cavity VC-1 (and VC-2), however according to Eq. (6), only Stokes mode will be excited when the pump wavelength is fixed. We have used Rsoft's component design suite: Q-Finder [12] to obtain Fig. 2(b) , which depicts the quality factor Q and modal volume for pump versus R 3 . By fixing l 1 = l 2 = 3a, and R 1 = R 2 = 0.2a, and tuning the radius of R 3 (i.e. tuning the frequency of pump), we obtain such plots. In our further investigation, we tried: l 1 = l 2 = 2a, 4a, with R 1 = R 2 = 0.2a, which make the size of the vertical cavity VC-1 (and VC-2) to vary; we find that with the increase of l 1 (and l 2 ), the Q for pump decreases, but still keeps the same order of magnitude for any fixed R 3 . In addition, the plot of the modal volume for pump stays the same as shown in Fig. 2(b) . This is because the mode of pump f p is localized in the dot cavity and waveguide cavity; the limited size-change in the vertical cavity VC-1 (and VC-2), which is for capturing the Stokes (or anti-Stokes), can hardly influence the electric field distribution of the pump.
Figure 2(b) shows the quality factor Q versus R 3 . We find that there exists a turning point at R 3 = 0.51a. This can be explained by the concept of mode matching: the point cavity has the same resonant wavelength as the waveguide cavities at R 3 = 0.51a, which makes the coupling to take place among mono-pole type mode in the point cavity and dipole modes in waveguide cavities, as depicted by Fig. 3(a) . At R 3 = 0.54a, it is important to note that a minimized modal volume of the pump mode 0.3192(λ/n) 3 (as small as 0.03μm 3 ) could be obtained. Hence ultra-high density of energy is confined in the point cavity, resulting in strong enhancement of the optical fields with wavelength at and near the localized mode. This triggers the Raman scattering process. The reason for the minimized modal volume could be explained as follows: at the point R 3 = 0.54a, the coupling between the dot cavity and the waveguide cavity becomes the worst, resulting in less energy-leakage from the dot cavity to the waveguide cavity, thus producing higher Q for the pump. Optimized design parameters used for Design I are: a = 575nm, R 1 = R 2 = 0.15a, R 3 = 0.51a, and l 1 = l 2 = 3a. The small cavity size and the mutually perpendicular distribution of energy stored in waveguide and vertical cavities result in low modal overlap. The calculated modal overlap integral  is only 2.95 × 10 3 between the Stokes and pump modes (see Fig. 3(a) and Fig. 3(b) ). As seen from Fig. 3(b) , since the Stokes mode is localized in the VC-1 and VC-2 cavities, it is not resonant in the dot cavity; this limits the amount of modal overlap  . In comparison with the recently reported work (see Ref [5] .), the modal overlap in our design is much smaller; however, with the ultra high Q of the pump, Stokes would offset the influence of smaller  , which makes the P th decrease by 98.8%. The estimated modal volume for Stokes mode of the coupled cavity is V m ~2.6214(λ/n) 3 (~0.319μm 3 ) for Design I. With the calculated Q S = 8.8938 × 10 5 at 1684.9nm, the threshold power of pump for lasing of the Stokes in the coupled cavities is estimated to be around 4.24μW, which is based on parameters g s = 70cm/GW [5] and  = 2.95 × 10 3 . For further improvement, we propose setting an elliptical rod positioned at the center of the dot cavity so that the pump and Stokes could be simultaneously resonant in the dot cavity, which might result in larger modal overlap  . Such an approach is meaningful because it may offer an option toward decreasing the P th while still keeping the same range of Q p and Q S .
Research on cavity Raman gain enhancement has been conducted by several groups [3, [22] [23] [24] [25] [26] . For example, Lin [24, 25] 8.8938 10  ) of the coupled cavity has an effective interaction length of 70.1mm, a factor of 2.0631 × 10 4 larger than the physical length (~3.4μm) of the cavity for the Stokes wavelength at 1684.9nm.
As a second example of design (Design II), we take l 1 = l 2 = 4a. Optimized parameters used in Design II are: a = 553nm, R 1 = R 2 = 0.36a, and R 3 = 0.54a. The field distributions are shown in Fig. 3(c) and Fig. 3(d) . As seen in Fig. 3(c) , the coupling between the dot cavity and the waveguide cavity becomes the worst so that the electric field of pump is localized in the dot cavity, which greatly increases the Q and decreases the modal volume of the pump. Figure 3(d) shows that Stokes mode is mainly localized in VC-1 and VC-2. The threshold power of pump for Stokes lasing could be as small as 53.5nW, which is only 1.26% of that for Design I. Here, the dot cavity and the waveguide cavity do not share the same resonant wavelength, resulting in less leakage from the dot cavity thus higher Q for the pump, compared to Design I. Moreover, comparing the field profiles in Fig. 3(c) and 3(d) with that in Fig. 3(a) and 3(b) , it can be seen that the modal overlap ξ of Fig. 3(c) and 3(d) is much higher than that of Fig. 3(a) and 3(b) ; this explains why the threshold power for Design II is much lower than that for Design I, referring to Eq. (1). The operating parameters and properties for Design I and II are summarized in Table 1 . 
The structure emitting Stokes and anti-Stokes waves simultaneously and separately
We now consider the system shown in Fig. 1 that emits Stokes and anti-Stokes waves simultaneously and separately. We set l 2 = 2a and l 1  l 2 , so that Stokes goes out from port C and anti-Stokes goes out from port D in Fig. 1 . By fine-tuning the R 2 and R 3 , we can get the distinct modes which meet the need of Δf for Raman scattering in silicon.
As a first example of this design (Design III), we take l 1 = 3a, and the optimized parameters are: a = 575nm, R 1 = 0.15a, R 2 = 0.07a and R 3 = 0.51a. When a Gaussian impulse is launched at the center of the structure, Stokes and anti-Stokes modes are symmetrical with the pump mode as shown in Fig. 4 . 4 at 1433.7nm, the threshold power of the pump for Raman lasing in the coupled cavities is estimated to be around 2.15μW (for Stokes) and 3.13μW (for anti-Stokes) respectively, as shown in Table 2 .
As a second example of design (Design IV), we take l 1 = 4a. For Design IV, optimized parameters are: a = 553nm, R 1 = 0.36a, R 2 = 0.13a and R 3 = 0.54a. Ultra-low threshold power as small as 17.7nW and 2.58nW can be obtained for the pump to produce Stokes and antiStokes lasing respectively. To obtain both lasing simultaneously, the total threshold power should be the sum of the two. Such low threshold is useful for ultra-sensitive devices, especially for applications in biological and medical diagnoses. As reported in Ref. [27] , in silicon waveguides, the maximum measured Stokes/anti-Stokes power conversion efficiency is 10 5 , resulting in ultra-low output power, which is on the order of nW. In this case, the coupled structure can emit laser at the Raman wavelength and may serve as a sensor to detect such weak signals. In cancer diagnosis, Raman signals (or tissue fluorescence) are usually weak and require sensitive detectors [28] , our design could be used to collect optical signals exiting from the sample, with ultra-low threshold lasing which could be easily detected. In particular, our design for the simultaneous and separate signals for Stokes and anti-Stoke emission could be amenable to conducting coherent anti-Stokes Raman scattering (CARS) studies on chemical and biological samples. The pump frequency can be tuned by changing R 3 on multiple cavity designs on the same silicon chip. When the difference between the pump and Stokes frequencies is matched with the molecular vibrational frequency, a strong signal could exit from the anti-Stokes port [29, 30] .
For getting better insight into the physics of the coupled structure for this case, the electric field profiles of Stokes mode and of anti-Stokes mode are illustrated in Fig. 5 . The Stokes mode is localized in the VC-1, while the anti-Stokes mode is localized in the VC-2, so that the two modes can be easily separated. As demonstrated, the size of VC-1 is larger than that of VC-2, which makes the Stokes wave with a longer wavelength be localized in the top cavity and the anti-Stokes wave with a shorter wavelength in the bottom cavity.
Compared with Design III, where R 3 = 0.51a, the Q aS increases by a factor of 20. This could be explained as follows: when R 3 = 0.54a, normalized anti-Stokes frequency f aS = 0.3854302 is further away from the band gap edge (f edge = 0.419639) and closer to the bandgap center, resulting in higher quality factor Q and thus lower radiation losses [5] . 
Normalized Frequency
The operating parameters and properties for Design III and IV are summarized in Table 2 . The threshold power of pump for anti-Stokes lasing is an order of magnitude lower than that for Stokes lasing. 
Conclusion
In this work we have presented the conceptual design of coupled cavities in two-dimensional rod-type photonic crystals for enhancement of stimulated Raman lasing in silicon. Specifically, we have numerically designed five coupled sub cavities to obtain high Q factor and low modal volume resulting in ultra-low threshold lasing, and to support the required pump-Stokes and pump-anti-Stokes modal spacing in silicon PC. This conceptual design may offer an option towards fabricating all-optical monolithic silicon devices. Our design is also useful for biological and medical sensors. 
